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We provide classification of gapless phases in non-Hermitian systems according to two types of
complex-energy gaps: point gap and line gap. We show that exceptional points, at which not only
eigenenergies but also eigenstates coalesce, are characterized by gap closing of point gaps with non-
trivial topological charges. Moreover, we find that bulk Fermi arcs accompanying exceptional points
are robust because of topological charges for real line gaps. On the basis of the classification, some
examples are also discussed.
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1. Introduction
Recently, there has been much interest in non-Hermitian physics [1, 2]. PT-symmetry breaking,
which is spontaneous symmetry breaking that accompanies an exceptional point, was experimentally
observed in photonic systems with gain and/or loss [3]. It was revealed that exceptional points lead to
phenomena unique to non-Hermitian systems, such as unidirectional invisibility and enhanced sensi-
tivity [4]. It was also pointed out that non-Hermitian Hamiltonians are relevant to many-body systems
with finite-lifetime quasiparticles [5]. There, a bulk Fermi arc appears between a pair of exceptional
points, which is expected to increase the density of states and change many physical quantities of
solids. Moreover, exceptional points, lines, and surfaces protected by PT [6], CP, and chiral symme-
tries [7–9] were studied. However, classification theory that provides a unified understanding about
such a variety of non-Hermitian gapless structures has yet to be established.
In this paper, we outline a unified theory that classifies exceptional points in a general manner
and predicts unknown symmetry-protected exceptional points [10]. We topologically classify non-
Hermitian gapless phases according to two types of complex-energy gaps, point gap and line gap,
which are defined in Sec. 2. Exceptional points (E = 0) are characterized as point-gapless points with
nontrivial topological charges (Tables I-III, P gap). On the other hand, bulk Fermi arcs (ReE = 0)
accompanying exceptional points are characterized as real-line-gapless points (Tables I-III, L gap).
Multiple topological structures of non-Hermitian semimetals are understood by our classification, as
illustrated with examples in Sec. 6
2. Gap structure of exceptional points
In non-Hermitian systems, energy spectra become complex in general. Hence there are two natu-
ral definitions of complex-energy gaps: point gap and line gap (Fig. 1) [11]. In the presence of a point
(line) gap, complex-energy bands do not cross a reference point (line) in the complex energy plane.
This is a generalization of the energy gap in Hermitian systems where the energy spectra are real. In
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the Hermitian case, we usually take an energy gap at E = 0 because of symmetries. For example,
particle-hole symmetry leads to (E,−E) pairs and hence the energy gap should be taken as E = 0 to
respect the symmetry. Similarly, in the non-Hermitian case, we take a point gap at E = 0. We also
take line gaps at ReE = 0 and ImE = 0. We note that point and line gaps can be taken arbitrarily
in the absence of symmetries. Remarkably, exceptional points are described by point-gapless points
(E = 0), while bulk Fermi arcs are described by real-line-gapless points (ReE = 0).
Fig. 1. (a) Point gap, (b) real line gap, and (c) imaginary line gap in the complex energy plane. A blue curve
and regions are energy band spectra. The red point and lines are a reference point of a point gap and reference
lines of line gaps, respectively.
We define an exceptional point as a defective point in this work. Let us consider the following
Hamiltonian as an example:
H =
(
0 ǫ + kx − iky
kx + iky 0
)
, (1)
where ǫ > 0 represents a degree of non-Hermiticity. This Hamiltonian is defective at kEP = (0, 0),
and thus has only one eigenstate |ψ(0, 0)〉 = (1, 0) and eigenenergy E(0, 0) = 0. In general, if an n× n
matrix has fewer than n independent eigenvectors, we call the matrix non-diagonalizable or defective.
The energy spectrum near the exceptional point kEP becomes E(k) ≈ ±
√
ǫ(kx + iky). The energy
spectrum exhibits a square-root singularity for k around kEP, which is impossible in Hermitian sys-
tems. Non-analyticity indicates that the conventional perturbation theory does not hold at exceptional
points.
From the perspective of gap structures, we find that exceptional points are nontrivial point-gapless
points. For Eq. (1), if we take a circle around the exceptional point S 1 : k2x + k
2
y = r
2 with a radius
0 < r < ǫ, a point gap is open on this circle and hence a topological invariant (winding number for
complex eigenenergies [12, 13]) is obtained as:
W :=
∮
S 1
dk
2πi
· ∇k log det H(k) =
∫ 2π
0
dθ
2πi
∂θ log[−(ǫ + re
−iθ)reiθ] = 1. (2)
Thus the exceptional point is a nontrivial point-gapless point with the topological charge W = 1,
which means the topological stability of the exceptional point. This result indicates that exceptional
points are topologically classified as point-gapless points.
3. Symmetries
In this work, we consider symmetries that keep each momentum invariant. Such symmetries
protect exceptional points at generic momentum points and are included in PAZ symmetry, PAZ†
symmetry, and additional symmetries such as pseudo-Hermiticity and sublattice symmetry [10, 11].
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PAZ symmetry consists of PT+ symmetry, C−P symmetry, and chiral symmetry:
(PT+)H
∗ (k) (PT+)
−1
= H (k) , (PT+)(PT+)
∗
= ±1. (3)
(C−P)H
T (k) (C−P)
−1
= −H (k) , (C−P)(C−P)
∗
= ±1. (4)
ΓH† (k)Γ−1 = −H (k) , Γ2 = 1. (5)
Here, PT+, C−P, and Γ are unitary operators. PT+ symmetry makes the energy spectrum real even in
non-Hermitian systems if the eigenstates also respect PT+ symmetry [1]. C−P symmetry is relevant
to non-Hermitian Bogoliubov-de Gennes Hamiltonians with inversion symmetry.
PAZ† symmetry consists of C+P symmetry, PT− symmetry, and chiral symmetry:
(C+P)H
T (k) (C+P)
−1
= H (k) , (C+P)(C+P)
∗
= ±1. (6)
(PT−)H
∗ (k) (PT−)
−1
= −H (k) , (PT−)(PT−)
∗
= ±1. (7)
Here, C+P and PT− are unitary operators. Pseudo-Hermiticity and sublattice symmetry are
ηH† (k) η−1 = H (k) , η2 = 1. (8)
SH (k)S−1 = −H (k) , S2 = 1. (9)
Here, η and S are unitary operators. C+P symmetry and PT− symmetry are equivalent to PT+ sym-
metry and C−P symmetry for Hermitian Hamiltonians, respectively. However, this is not the case
for non-Hermitian Hamiltonians because of H∗ , HT . Combining all the above symmetries, we ob-
tain 38 symmetry classes in total as a non-Hermitian generalization of the 10-fold Altland-Zirnbauer
(AZ) symmetry class [10, 11]. Below, we give topological classification tables for 17 independent
symmetry classes of them.
4. Topological classification of non-Hermitian gapless phases
We topologically classify the gapless points, lines, and surfaces. In Hermitian systems, a Weyl
point in three dimensions is characterized by the Chern number defined on a sphere S 2 surrounding
the Weyl point. Similarly, topology of non-Hermitian gapless systems reduces to the gapped counter-
part. In fact, a gapless point in p dimension is characterized by a topological invariant defined on a
(p − 1)-dimensional sphere S p−1 that encloses that gapless point even in non-Hermitian systems.
Furthermore, non-Hermitian point/line-gapped phases reduce to Hermitian gapped phases. A
non-Hermitian point-gapped Hamiltonian H (k) has the following correspondence with a Hermitian
gapped Hamiltonian H¯ (k):
H¯(k) :=
(
H(k)
H†(k)
)
, ΣzH¯(k)Σz = −H¯(k), Σz :=
(
I
−I
)
. (10)
Notably, additional chiral (sublattice) symmetry described by Σz is respected for H¯ (k) by con-
struction, which leads to unique non-Hermitian topology for point gaps. On the other hand, a non-
Hermitian real-line-gapped Hamiltonian is continuously deformed into a Hermitian gapped Hamil-
tonian without closing the real line gap. A non-Hermitian imaginary-line-gapped Hamiltonian is
mapped into a non-Hermitian real-line-gapped Hamiltonian, multiplying it by the imaginary unit:
H → iH. Then, we can reduce it into a Hermitian Hamiltonian similarly. Detailed proofs for the
above complex-spectral-flattening procedures are described in Ref. [11].
5. Classification tables
Tables I-III are topological classification tables for the 17 independent symmetry classes and the
two types of energy gaps. Note that class AIII, PAI, and PAII are related to pH,PD†, and PC† by the
transformation H → iH. All the classification tables of 38 symmetry classes are found in Ref. [10].
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Table I. Topological classification table of non-Hermitian gapless phases in PAZ symmetry class. Non-
Hermitian gapless phases are classified according to codimension p, PAZ symmetry class, and two types of
complex-energy gaps [point (P) and line (L) gaps]. Codimension p is defined as p := d − dG with spatial
dimension d and the dimension dG of the gapless points (dG = 0), lines (dG = 1), surfaces (dG = 2), and
volumes (dG = 3). Lr and Li indicate a real line gap and an imaginary line gap, respectively.
PAZ class PT+ C−P Γ Gap Classifying space p = 0 p = 1 p = 2 p = 3
A 0 0 0
P Cp Z 0 Z 0
L Cp+1 0 Z 0 Z
AIII 0 0 1
P Cp+1 0 Z 0 Z
Lr Cp Z 0 Z 0
Li Cp+1 × Cp+1 0 Z ⊕ Z 0 Z ⊕ Z
PAI +1 0 0
P Rp Z Z2 Z2 0
Lr Rp+7 0 Z Z2 Z2
Li Rp+1 Z2 Z2 0 2Z
PBDI +1 +1 1
P Rp+1 Z2 Z2 0 2Z
Lr Rp Z Z2 Z2 0
Li Rp+1 × Rp+1 Z2 ⊕ Z2 Z2 ⊕ Z2 0 2Z ⊕ 2Z
PD 0 +1 0
P Rp+2 Z2 0 2Z 0
L Rp+1 Z2 Z2 0 2Z
PDIII -1 +1 1
P Rp+3 0 2Z 0 0
Lr Rp+2 Z2 0 2Z 0
Li Cp+1 0 Z 0 Z
PAII -1 0 0
P Rp+4 2Z 0 0 0
Lr Rp+3 0 2Z 0 0
Li Rp+5 0 0 0 Z
PCII -1 -1 1
P Rp+5 0 0 0 Z
Lr Rp+4 2Z 0 0 0
Li Rp+5 × Rp+5 0 0 0 Z ⊕ Z
PC 0 -1 0
P Rp+6 0 0 Z Z2
L Rp+5 0 0 0 Z
PCI +1 -1 1
P Rp+7 0 Z Z2 Z2
Lr Rp+6 0 0 Z Z2
Li Cp+1 0 Z 0 Z
Table II. Topological classification table of non-Hermitian gapless phases in the presence of pseudo-
Hermiticity or sublattice symmetry.
Symmetry Gap Classifying space p = 0 p = 1 p = 2 p = 3
pH
P Cp+1 0 Z 0 Z
Lr Cp+1 × Cp+1 0 Z ⊕ Z 0 Z ⊕ Z
Li Cp Z 0 Z 0
Sublattice
P Cp × Cp Z ⊕ Z 0 Z ⊕ Z 0
L Cp Z 0 Z 0
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Table III. Topological classification table of non-Hermitian gapless phases in PAZ† symmetry class.
PAZ† class C+P PT− Γ Gap Classifying space p = 0 p = 1 p = 2 p = 3
A 0 0 0
P Cp Z 0 Z 0
L Cp+1 0 Z 0 Z
AIII 0 0 1
P Cp+1 0 Z 0 Z
Lr Cp Z 0 Z 0
Li Cp+1 × Cp+1 0 Z ⊕ Z 0 Z ⊕ Z
PAI† +1 0 0
P Rp+6 0 0 Z Z2
L Rp+7 0 Z Z2 Z2
PBDI† +1 +1 1
P Rp+7 0 Z Z2 Z2
Lr Rp Z Z2 Z2 0
Li Rp+7 × Rp+7 0 Z ⊕ Z Z2 ⊕ Z2 Z2 ⊕ Z2
PD† 0 +1 0
P Rp Z Z2 Z2 0
Lr Rp+1 Z2 Z2 0 2Z
Li Rp+7 0 Z Z2 Z2
PDIII† -1 +1 1
P Rp+1 Z2 Z2 0 2Z
Lr Rp+2 Z2 0 2Z 0
Li Cp+1 0 Z 0 Z
PAII† -1 0 0
P Rp+2 Z2 0 2Z 0
L Rp+3 0 2Z 0 0
PCII† -1 -1 1
P Rp+3 0 2Z 0 0
Lr Rp+4 2Z 0 0 0
Li Rp+3 × Rp+3 0 2Z ⊕ 2Z 0 0
PC† 0 -1 0
P Rp+4 2Z 0 0 0
Lr Rp+5 0 0 0 Z
Li Rp+3 0 2Z 0 0
PCI† +1 -1 1
P Rp+5 0 0 0 Z
Lr Rp+6 0 0 Z Z2
Li Cp+1 0 Z 0 Z
6. Examples
We give some examples to illustrate that both exceptional points (E = 0) and bulk Fermi arcs
(ReE = 0) are topologically stable according to the classification tables (Tables I-III). Importantly,
non-Hermitian semimetals can possess multiple topological structures due to two types of complex-
energy gaps. We first consider a one-dimensional model with exceptional points in class AIII (Table
I):
H(k) = kσx + iγσz, E(k) = ±
√
k2 − γ2, (11)
where γ ∈ R represents a degree of non-Hermiticity. This Hamiltonian has chiral symmetry ΓH† (k)Γ−1 =
−H (k) with Γ = σz, and has a pair of exceptional points at kEP = ±γ. These exceptional points have
nontrivial Z topology for a point gap (see Table I with class AIII and codimension p = 1). The cor-
responding topological invariant is the difference of the occupation numbers (zeroth Chern numbers)
of the Hermitian matrix iH(k)Γ = kσy − γ defined at a pair of momenta across the exceptional point,
which is ±1 for kEP = ±γ, respectively. The exceptional points are also accompanied by a Fermi arc
with ReE = 0 at −γ < k < γ. This bulk Fermi arc is robust because of the nontrivial Z topology for
a real line gap (see Table I with class AIII and codimension p = 0). The corresponding topological
invariant is sgn[〈ψ|Γ|ψ〉] with a right eigenstate |ψ〉, and the two eigenstates of Eq. (11) at −γ < k < γ
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have sgn[〈ψ|Γ|ψ〉] = ±1. Similarly to our one-dimensional model, exceptional rings and accompa-
nying Fermi surfaces appear in two dimensions [8]. In three dimensions, exceptional surfaces and
accompanying Fermi volumes appear [9]. Specific models of many-body systems that support these
non-Hermitian gapless phases are also proposed in Refs. [8, 9], which show the enhancement of the
specific heat and the magnetic susceptibility due to exceptional points and accompanying Fermi arcs.
We next consider a three-dimensional model with exceptional points in class AIII:
H(k) = kxσxτx + kyσxτy + kzσxτz + iγσzτx, E(k) = ±
√
k2x + (
√
k2y + k
2
z ± iγ)
2. (12)
This Hamiltonian has chiral symmetry ΓH† (k)Γ−1 = −H (k) with Γ = σz, and has a pair of excep-
tional points at kEP = (±γ, 0, 0). These exceptional points have nontrivial Z topology for a point gap
(see Table I with class AIII and codimensions p = 3). The corresponding topological invariant is the
Chern number of the Hermitian matrix iH(k)Γ, which is ±1 for kEP = (±γ, 0, 0), respectively. The
exceptional points are also accompanied by a Fermi arc with ReE = 0 at −γ < kx < γ, ky = kz = 0.
This bulk Fermi arc is robust because of the nontrivial Z topology for a real line gap (see Table I with
class AIII and codimensions p = 2).
7. Summary
We provide classification of non-Hermitian gapless phases according to two types of complex-
energy gaps: point gap and line gap. We show that exceptional points are characterized as nontrivial
point-gapless phases while bulk Fermi arcs accompanying exceptional points are characterized by
real-line-gapless phases. Such multiple topological structures of non-Hermitian semimetals are un-
derstood by the classification tables.
8. Acknowledgements
We thank K. Shiozaki for discussions and comments on this work. This work was supported by a
Grant-in-Aid for Scientific Research on Innovative AreasTopological Materials Science(KAKENHI
Grant No. JP15H05855) from the Japan Society for the Promotion of Science (JSPS), and JST CREST
(No. JPMJCR19T2), Japan. K.K. was supported by KAKENHIGrant No. JP19J21927 from the JSPS.
M.S. was supported by KAKENHI Grant No. JP17H02922 from the JSPS.
References
[1] C. M. Bender and S. Boettcher, Phys. Rev. Lett. 80, 5243 (1998).
[2] N. Hatano and D. R. Nelson, Phys. Rev. Lett. 77, 570 (1996).
[3] C. E. Ru¨ter et al., Nat. Phys. 6, 192 (2010).
[4] R. El-Ganainy et al., Nat. Phys. 14, 11 (2018).
[5] V. Kozii and L. Fu, arXiv:1708.05841.
[6] R. Okugawa and T. Yokoyama, Phys. Rev. B 99, 041202(R) (2019).
[7] J. C. Budich, J. Carlstro¨m, F. K. Kunst, and E. J. Bergholtz, Phys. Rev. B 99, 041406(R) (2019).
[8] T. Yoshida, R. Peters, N. Kawakmi, and Y. Hatsugai, Phys. Rev. B 99, 121101(R) (2019).
[9] K. Kimura, T. Yoshida, and N. Kawakami, Phys. Rev. B 100, 115124 (2019).
[10] K. Kawabata, T. Bessho, and M. Sato, Phys. Rev. Lett. 123, 066405 (2019).
[11] K. Kawabata, K. Shiozaki, M. Ueda, and M. Sato, Phys. Rev. X 9, 041015 (2019).
[12] D. Leykam, K. Y. Bliokh, C. Huang, Y. D. Chong, and F. Nori, Phys. Rev. Lett. 118, 040401 (2017).
[13] H. Shen, B. Zhen, and L. Fu, Phys. Rev. Lett. 120, 146402 (2018).
6
